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Abstract. We find contact integrable extensions and coverings for the r-th double
modified dispersionless Kadomtsev–Petviashvili equation.
AMS classification scheme numbers: 58H05, 58J70, 35A30
We consider the r-th double modified dispersionless Kadomtsev–Petviashvili equa-
tion
uyy = utx +
(
(κ+ 1) u2y
u2x
−
ut
ux
+ κ uκxuy +
(κ + 1)2
2 κ+ 3
u2(κ+1)x
)
uxx
− κ
(
uy
ux
+ uκ+1x
)
uxy (1)
with κ 6∈ {−2,−3/2,−1}. This equation appears from the differential covering, [4, 5, 6],
 ut =
(
(κ+ 2)2
2 κ+ 3
u2(κ+1)x + (κ+ 2)wx u
κ+1
x +
κ + 1
2
w2x − wy
)
ux
uy = − (u
κ+1
x + wx)ux
(2)
over the r-th modified dispersionless Kadomtsev–Petviashvili equation, [1],
wyy = wtx +
(
1
2
(κ+ 1)w2x + wy
)
wxx + κwxwxy, (3)
see [2], [3], [12], [10]. Namely, excluding w from (2) yields Eq. (1).
We apply the method of contact integrable extensions, [9], to find differential cove-
rings of Eq. (1). The method starts from computing Maurer–Cartan forms and structure
∗ The work was partially supported by the joint grant 09-01-92438-KE a of RFBR (Russia) and
Consortium E.I.N.S.T.E.IN (Italy).
Contact integrable extensions for r-mmdKP equation 2
equations for the symmetry pseudo-group via approach of [7, 8]. The structure equations
read
dθ0 = (θ22 + (U2 − (κ + 1)
2 (U1 − 2 (κ+ 1)) ξ
1 − (U4 + (κ+ 1)(κ+ 2)U3 − κ (κ+ 1)U1
+(κ+ 1)2(κ+ 2)(κ2 + 6 κ+ 4)) (κ+ 1)−2(κ+ 2)2 ξ2 − (U4 − κ (κ+ 1)U1
+(κ+ 1)2(κ+ 2) (2κ+ 3)) (κ+ 1)−1 (κ+ 2)−1 ξ3) ∧ θ0 + ξ
1 ∧ θ1 + ξ
2 ∧ θ2
+ξ3 ∧ θ3,
dθ1 = (κ+ 1) (2 θ1 + (κ+ 1)(κ+ 2)
2 θ2 − (κ + 2) θ3)) ∧ θ0 + ξ
1 ∧ θ11 + ξ
3 ∧ θ13
+(κ+ 1)(κ+ 2) θ2 ∧ θ3 − (2 (κ+ 1) (θ2 − 2 (U1 − 2 (κ+ 1)(κ+ 2)) ξ
1 + ξ2)
+((2 κ+ 3)U1 − (κ+ 1)(κ+ 2)(3 κ+ 4))(κ+ 2)
−1 ξ3) ∧ θ1
+ξ2 ∧ (U3 θ0 + U1 θ3 + θ12),
dθ2 = θ0 ∧ θ22 +
(
(κ + 1) (U1 − 2 (κ+ 1)(κ+ 2)) ξ
1 + 1
2
U1 ξ
3
)
∧ θ2 + ξ
1 ∧ θ12 + ξ
2 ∧ θ22
+ξ3 ∧ θ23,
dθ3 = ((κ+ 1) (θ3 − (κ+ 1)(κ+ 2) θ2 + (κ + 1)(κ+ 2)((κ+ 3)U1 − (κ + 2) (U2 + 2)) ξ
1)
+U3 ξ
2 + (U2 + U4) ξ
3 − (κ + 1)(κ+ 2) θ22) ∧ θ0 +
(
(κ + 1) θ3 +
1
2
U1 ξ
2
)
∧ θ2
+(κ+ 1)(2 (U1 − 2 (κ+ 1)(κ+ 2)) (ξ
1 + (κ+ 2)−1 ξ3)− ξ2) ∧ θ3 + ξ
1 ∧ θ13
+ξ2 ∧ θ23 + ξ
3 ∧ θ12,
dθ11 = η1 ∧ ξ
2 + η2ξ
3 + η3 ∧ ξ
1 + ((4U4 − (κ+ 1)(κ− 2)U1 − κ(κ + 1)
2(κ2 − 4)
+(2κ+ 1)U2) θ1 − (κ+ 1)
2(κ+ 2) (U1 − 2 (κ+ 1)(κ+ 2)) (θ2 + (κ+ 1)(κ+ 2) θ3)
+(κ2 − 1)(κ+ 2) θ13 + (κ + 1)(κ (2U5 + 3 (κ+ 2)U2)− U1U2
−(κ+ 1)2(κ+ 2)(3 κ− 2)((κ+ 3) U1 − 2 (κ+ 1)(κ+ 2))) ξ
2 + ((κ+ 1)(κU1
−(κ+ 2)U3 + (κ+ 1)(κ+ 2)(3κ
2 + 6κ+ 4))− U4)(κ+ 1)
−2(κ + 2)−2 θ11) ∧ θ0
+((κ+ 1)(4U1 + (κ+ 1)(κ+ 2) (11κ+ 14)) θ2 − (κ+ 1)(2U1 − (κ+ 1)(κ+ 2)) θ3
−(2κ+ 1) θ12 + 4(κ+ 1)(κ+ 2) θ23 − (4U4 − (κ+ 1)(2 κ
2 + 3 κ− 4)U1
+(2κ+ 1)U2 + 4 κ(κ+ 1)
2(κ+ 2)− (2κ+ 3)(κ+ 2)−1 U21 ) ξ
2
−(2(2κ+ 3)(κ+ 2)−1U5 + (3κ+ 2)(κ+ 1) (U2 − (κ+ 3)(κ+ 1)U1
+2(κ+ 2)(κ+ 1)2) ξ3) ∧ θ1 + ((κ+ 2)(κ+ 1)
2 (U1 − 2 (κ+ 1) (κ+ 2)) θ3
+(4 κ+ 5) θ11 − (κ + 1)(κ+ 2) θ13) ∧ θ2 + ((κ+ 2) θ13 − (2U5
+(κ+ 1)(U21 − 2(κ+ 2)(U2 + (κ+ 1)(κ+ 4)U1 + 2(κ+ 1)
2(κ + 2)))) ξ2) ∧ θ3
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−(θ22 − ((κ+ 1)(κ+ 9)U1 − U2 − 14(κ+ 2) (κ+ 1)
2) ξ1 − ((κ+ 1)(κU1
−(κ+ 2) (U3 − (3κ
2 + 6κ+ 4)(κ+ 1)))− U4)(κ+ 1)
−2(κ+ 2)−2 ξ2
+(3 (U1 − (κ+ 1)(κ+ 2)) + (κ+ 1)
−1(κ + 2)−1U4) ξ
3) ∧ θ11
+((κ+ 1)(U1 − 2 (κ+ 1)(κ+ 2)) θ12 − 2U1 θ13) ∧ ξ
2
dθ12 = η1 ∧ ξ
1 + η4 ∧ (θ0 + ξ
2) + η7 ∧ ξ
3 + ( (U1 − (κ+ 4)(κ+ 2)(κ+ 1)) θ22
+(κ+ 1)((κ+ 2) θ23) + (U4 +
1
2
(κ+ 1)(κ2 + 2κ + 2)U1 + κ(κ+ 1)
2(κ+ 2)) θ2
+((κ+ 1) (κU1 − (κ+ 2) (U3 − κ
2(κ+ 1)))− U4)(κ+ 1)
−2(κ+ 2)−2 θ12) ∧ θ1
+((2 κ+ 3) θ12 − (κ + 1)(κ+ 2) θ23 −
1
2
U1 (κ+ 2) θ3 − U5 ξ
3 + (1
2
U21 − (κ+ 1)U1
−U4 − κ(κ+ 2)(κ+ 1)
2) ξ2) ∧ θ2 + (κ+ 2) (θ23 − (κ+ 1) θ22) ∧ θ3
−(θ22 − ((κ+ 1)(κ+ 5)U1 − U2 − 6(κ+ 2)(κ+ 1)
2) ξ1 + ((κ+ 1)(κU1
−(κ+ 2)(U3 − κ
2(κ+ 1))− U4)(κ + 2)
−2(κ+ 1)−2 ξ2 − 1
2
((3κ+ 8)(κ+ 1)U1
+2U4 − 4(κ+ 2)(κ+ 1)
2)(κ + 1)−1(κ+ 2)−1 ξ3) ∧ θ12
+2(κ+ 1)(U1 − 2 (κ+ 2)(κ+ 1)) (θ22 ∧ ξ
2 + θ23 ∧ ξ
3)− U1 θ23 ∧ ξ
2
dθ13 = η1 ∧ ξ
3 + η2 ∧ ξ
1 + η7 ∧ ξ
2 + ((κ+ 1)2(κ+ 2)2 θ23 − U3 θ1 − (κ+ 1)(κ+ 2) θ12
−1
2
(κ+ 1)(κ+ 2)((κ+ 4)(κ+ 1)U1 − 4 (U2 + (κ+ 2)(κ+ 1))) θ2
−((κ2 − 1)U1 + U2 − U4 − 2(κ+ 2)(2κ+ 1)(κ+ 1)
2) θ3 + ((κ+ 1) (κU1
−(κ+ 2) (U3 − (2κ
2 + 3κ+ 2)(κ+ 1))− U4)(κ+ 1)
−2(κ+ 2)−2 θ13) ∧ θ0
+(θ23 − (κ + 1)(κ+ 2) θ22 + (U2 + U4) ξ
3 + 1
2
(U1 − 2(κ+ 2)(κ+ 1)
2) θ2
+U3 ξ
2) ∧ θ1 + ((3κ+ 4) θ13 − (κ+ 1)(κ+ 2) θ12 − U5 ξ
2 − 1
2
(κ+ 1)((3κ+ 4)U1
−4 (κ+ 1)(κ+ 2)) θ3) ∧ θ2 + (θ12 + (κ+ 1)(κ+ 2) θ23 + ((κ+ 1)(2U
2
1
+(κ+ 2)((κ2 − κ− 4)U1 − U2 − 2κ(κ+ 1)(κ+ 2)))− 2(κ+ 2)U4)(κ+ 2)
−1 ξ2
+((κ+ 1)(κ+ 2)(5κ+ 2)((κ+ 1)(κ+ 3)U1 − U2 − 2(κ+ 2)(κ+ 1)
2)
−4(κ+ 1)U5)(κ+ 2)
−1 ξ3) ∧ θ3 +
3
2
U1 ξ
2 ∧ θ12 − (θ22 − ((κ + 1)((κ+ 7)U1
−10(κ+ 2)(κ+ 1))− U2) ξ
1 + ((κ+ 1)(κU1 − (κ+ 2)(U3 − (2κ
2 + 3κ+ 2)(κ+ 1))
−U4)(κ+ 1)
−2(κ+ 2)−2 ξ2 − ((3κ+ 5)(κ+ 1)U1 − 2(κ+ 2)(2κ+ 3)(κ+ 1)
2
+U4)(κ+ 1)
−1(κ + 2)−1 ξ3) ∧ θ13 + (κ+ 1)(U1 − 2(κ+ 1)(κ+ 2)) θ23 ∧ ξ
2
dθ22 = η4 ∧ ξ
1 + η5 ∧ (θ0 + ξ
2) + η6 ∧ ξ
3 − (U4 − (κ+ 1)(κU1 + (κ + 2)U3
+(κ+ 1)(κ+ 2)(κ2 + 6κ+ 4)))(κ+ 1)−2(κ+ 2)−2 θ22 ∧ (θ0 + ξ
2)
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+(((κ+ 1)2(U1 + 2κ+ 4))− U2) ξ
1 − ((κ+ 1)(κU1 + (κ + 1)(κ+ 2)(3κ+ 2))
−U4)(κ+ 1)
−1(κ+ 2)−1 ξ3) ∧ θ22
dθ23 = η4 ∧ ξ
3 + η6 ∧ (θ0 + ξ
2) + η7 ∧ ξ
1 + 1
2
(U1 θ22 + (κU4 − (κ + 1)(κ
2U1
−2(κ+ 2)U3 + κ(κ + 2)(3κ+ 2)(κ+ 1)
2)(κ+ 1)−1(κ+ 2)−2 θ2 − 2 (κ(κ+ 1)U
2
1
+((κ+ 2)U3 + U4 + (κ+ 2)(κ
2 − 3κ− 2)(κ+ 1)2)U1 + κ(κ+ 1)(κ+ 2)(U4
+(κ+ 2)U3))(κ+ 2)
−2 ξ3 − 2 (U4 − (κ+ 1)(κU1 + (κ + 2)U3
+(κ+ 1)(κ+ 2)(3κ+ 2)))(κ+ 1)−2(κ + 2)−2 θ23) ∧ θ0 +
1
4
(6 (κ+ 2) θ23
−8 (κ+ 1)(κ+ 2) θ22 − 2 (κU4 − (κ + 1)(κ
2 U1 − 2(κ+ 2)U3
+κ(κ+ 1)(κ+ 2)(3κ+ 2))((κ+ 1)−1(κ + 2)−1 ξ2 + (κU21 − (κ+ 2) (2(κ+ 1)(κ
2
+4κ+ 2)U1 + 2(κ+ 4)U2 + 4U4))(κ+ 2)
−1 ξ3) ∧ θ2 + (κ(κ + 1)U1 + (κ+ 2)U3
−U4 − (κ+ 2)(3κ+ 2)(κ+ 1)
2)(κ+ 2)−1 θ3 ∧ ξ
3 + (θ23 −
1
2
U1 ξ
2 − 2(κ+ 1)(U1
−2(κ+ 1)(κ+ 2)) ξ3) ∧ θ22 + (((κ+ 3)(κ+ 1)U1 − U2 − 2(κ+ 2)(κ+ 1)
2) ξ1
+(U4 − (κ+ 1)(κU1 + (κ + 2)U3 + (κ+ 2)(3κ+ 2)(κ+ 1))(κ+ 1)
−2(κ+ 2)−2 ξ2
+1
2
(3(κ+ 1)(κ+ 2)U1 + 2U4 − 2(κ+ 1)
2(κ+ 2)2)(κ+ 1)−1(κ+ 2)−1 ξ3) ∧ θ23
dξ1 = (θ22 + (2 κ+ 3) θ2 − ((κ+ 1)((κ+ 3)U1 − 2 (κ+ 2)) + U4) ((κ+ 1)(κ+ 2))
−1ξ3
+((κ+ 1) (κU1 − (κ+ 2) (U3 − κ
2(κ+ 1)))− U4) ((κ+ 1)(κ+ 2))
−2 (θ0 + ξ
2)) ∧ ξ1,
dξ2 = (θ1 − (κ + 1)(κ+ 2) θ3 − (κ+ 1)
2(κ+ 2)2 θ0) ∧ ξ
1 + (θ2 + θ22 + (U4 − κ(κ + 1)U1
−(κ+ 1)2(κ+ 2)(3κ+ 2))(κ+ 1)−1(κ + 2)−1 ξ3 − (U4 + (κ+ 1)(κ+ 2)U3
−κ(κ + 1)U1(κ+ 1)
2(κ+ 2)(κ2 + 6 κ+ 4))(κ+ 1)−2(κ+ 2)−2 θ0
+(U2 − (κ+ 1)(κ+ 2)U1) ξ
1) ∧ ξ2 + (θ3 − (κ+ 1)(κ+ 2) θ3) ∧ ξ
3
dξ3 = ((κ+ 2) ((κ+ 1)(κ θ0 − 2 θ2) + θ3) + (κ(κ+ 4)U1 − U2 − 2 (κ+ 1)
2(κ+ 2)) ξ3
−U1 ξ
2) ∧ ξ1 + (θ22 + (κ+ 2) θ2 − (U4 + (κ+ 1)(κ+ 2)U3 − κ(κ + 1)U1
+ (κ+ 1)2(κ+ 2)(3κ+ 2))(κ+ 1)−2(κ+ 2)−2) (θ0 + ξ
2)) ∧ ξ3 (4)
The Maurer-Cartan forms θ0, ... , θ23, ξ
1, ξ2, ξ3 are
θ0 = uxxu
−2
x (du− ut dt− ux dx− uy dy)
θ1 = u
−2κ−3
x (dut − utt dt− utx dx− uty dy)− (κ+ 2) (uy u
−κ−2
x − 1) θ3
+((κ+ 1)(κ+ 2) (uyu
−κ−2
x − (2κ+ 3)
−1)− utu
−2κ−3
x )) θ2
+(utu
−2κ−3
x + (κ + 1)
2(κ+ 2) (uyu
−κ−2
x − (2κ+ 5)(2κ+ 3)
−1) θ0
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θ2 = u
−1
x (dux − utx dt− uxx dx− uxy dy)
θ3 = u
−κ−2
x (duy − utx dt− uxy dx−E dy)− (uy u
−κ−3
x − κ− 1) θ2
−(uy u
−κ−3
x + (κ+ 1)
2) θ0
θ11 = u
−1
xxu
−4κ−4
x (dutt − uttt dt− uttx dx− utty dy)− 2 (κ+ 2)(uyu
−κ−2
x − 1) θ13
−(2 utu
−2κ−3
x − (κ+ 2)((κ+ 2) u
2
yu
−2κ−4
x − (2κ+ 3) uyu
−κ−2
x
+(2κ2 + 9κ+ 8)(2κ+ 3)−1)) θ12 + A110 θ0 + A111 θ1 + A112 θ2 + A113 θ3
−(u2tu
−4κ−6
x + (κ+ 1)
2(κ+ 2)2 (uyu
−κ−2
x − (2κ+ 3)
−1)2
+2 (κ+ 1)(κ+ 2)(2κ+ 3)−1 u−2κ−3x ) θ22 − 2 (κ+ 2) ((uyu
−κ−2
x − 1)utu
−2κ−3
x
−(κ+ 1)(κ+ 2)(u2yu
−2κ−4
x + 2 (κ+ 2)(2κ+ 3)
−3 u−κ−2x − 2κ− 3)) θ23
θ12 = u
−1
xxu
−2κ−2
x (dutx − uttx dt− utxx dx− utxy dy)− (uyu
−κ−2
x − 1) θ23
+((κ+ 1)(κ+ 2)(uyu
−κ−2
x − (2κ+ 3)
−1)− utu
−2κ−3
x ) (θ22 + θ3)− θ1
−(utxxu
−2
xxu
−2κ−1
x + 2 utxu
−1
xxu
−2κ−2
x −
1
2
(κ+ 2) (uxyu
−1
xx ((κ+ 2)uyu
−2κ−3
x + κ u
−κ−1
x )
−(κ+ 2) (u2yu
−2κ−4
x − (κ+ 1) uyu
−κ−2
x ) + κ (κ+ 1))) θ0
θ13 = u
−1
xxu
−3κ−3
x (duty − utty dt− utxy dx− D¯t(E) dy)− (2κ+ 3)(uyu
−κ−2
x − 1) θ12
−(uyu
−κ−2
x + (κ+ 1)
2) θ1 − ((uyu
−3κ−5
x − (κ + 1) u
−2κ−3
x ) ut − (κ+ 1) (u
2
yu
−2κ−4
x
−(κ+ 2)(2κ+ 3)−1((2κ2 + 5κ+ 4)uyu
−κ−2
x − κ− 1)) θ22 + A130 θ0 + A132 θ2
+A133 θ3 − (utu
−2κ−3
x − (κ + 2) (u
2
yu
−2κ−4
x − (2κ+ 3) uyu
−κ−2
x
+2 (κ+ 1)(κ+ 2)(2κ+ 3)−1)) θ23
θ22 = u
−1
xx (duxx − utxx dt− uxxx dx− uxxy dy)− 2 θ2 − uxuxxxu
−2
xx θ0
θ23 = u
−κ−1
x u
−1
xx (duxy − utxy dt− uxxy dx− D¯x(E) dy)− (uyu
−κ−2
x κ− 1) θ22 − θ3
+1
2
(κ uxyu
−1
xxu
−κ−1
x − (κ+ 4) uyu
−κ−2
x − κ (κ+ 1)) θ2
−(uxxyu
−2
xx u
−κ
x − uxyu
−1
xx u
−κ−1
x + uyu
−κ−2
x + (κ+ 1)
2) θ0
ξ1 = uxxu
2κ+1
x dt
ξ2 = uxxu
−1
x dx+ (utu
−κ−3
x + (κ+ 2) (u
2
yu
−2κ−4
x − uyu
−2
x + 2 (κ+ 1)
2(2κ+ 3)−1)) ξ1
+(uyu
κ−2
x − κ− 1) ξ
3
ξ3 = uxxu
κ
x dy + (κ+ 2) (uyu
−κ−2
x − 1) ξ
1, (5)
where E is the right-hand side of Eq. (1), D¯t, D¯x are restrictions of the total derivatives
on Eq. (1), and A110, A111, A112, A113, A130, A132, A133 are functions of derivatives of
u of the first and the second orders. These functions are too long to write them in
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full. The forms η1, ... , η7 can be expressed from Eqs. (5), (4). The coefficients of the
structure equations depend on the invariants
U1 = (κ+ 2) (uyu
−κ−2
x − uxyu
−1
xxu
−κ−1
x + κ+ 1)
U2 = utxxu
−2
xxu
−2κ−1
x − (κ+ 2) uxxyu
−2
xxu
−κ
x (uyu
−κ−2
x − 1)− 2 utxu
−2
xxu
−2κ−2
x + 2 utu
−2κ−3
x
−(2uyu
−κ−2
x − (κ+ 1)(κ+ 2))U1 + 2 (κ+ 1)(κ+ 2) uyu
−κ−2
x
−uxxxu
−2
xx (utu
−2κ−2
x − (κ+ 2)uyu
−κ−1
x (uyu
−κ−2
x − 1)
−2 (κ+ 1)2(κ+ 2)(2κ+ 3)−1ux) + 2 (κ+ 1)(κ+ 2)(2κ
2 + κ− 2)(2κ+ 3)−1
U3 = uxxyu
−2
xxu
−κ
x − uxxxu
−2
xxux (uyu
−κ−2
x + (κ+ 1)
2) + 2 (κ+ 2)−1 U1
−(κ+ 1)(κ2 + κ+ 2)
U4 = (κ+ 1) (κU1 − (κ+ 2) (U3 − (κ+ 1) (uxxxu
−2
xxux + κ
2 + 5κ+ 2)))
U5 =
1
2
((κ+ 2)u−2xxu
−3κ−3
x (uxutxy − uty) + utxu
−2
xxu
−2κ−2
x ((κ+ 3)U1 − (κ+ 2) (uyu
−κ−2
x
+(κ+ 1)(κ+ 3))) + ((2κ+ 3) uyu
−κ−2
x − 1)U
2
1 − (κ+ 2)((κ+ 3) uyu
−κ−2
x
+2κ+ 1)U2 − ((κ + 1)
−1utu
−2κ−3
x (κ(κ + 1)
−1uyu
−κ−2
x + 2κ
2 + 5κ+ 4)
+(κ+ 1) (κ u2yu
−2κ−4
x − (2κ+ 3)
−1((2κ4 + 9κ3 + 7κ2 − 13κ− 18) uyu
−κ−2
x
−2 (2κ4 + 45κ3 + 42κ2 + 53κ+ 25))))U1 + (utu
−2κ−3
x ((κ+ 1)
−1uyu
−κ−2
x − 1)
−(κ+ 2)(u2yu
−2κ−4
x − (2κ+ 3)
−1((2κ2 + 5κ+ 4)uyu
−κ−2
x − κ− 1)))U3
+((κ+ 2)−2 utu
−2κ−3
x ((κ+ 1)
−1uyu
−κ−2
x + 1) + u
2
yu
−2κ−4
x
−2(2κ2 + 7κ+ 1)(2κ+ 3) uyu
−κ−2
x + (2κ
2 + 8κ+ 7)(2κ+ 3)−1)U4
+utu
−2κ−3
x ((κ + 6) uyu
−κ−2
x + (κ + 1)(4κ
2 + 9κ+ 6))
+(κ+ 1)2(κ+ 2)((3κ+ 2) uyu
−2κ−4
x − (2κ+ 3)
−1(4(κ2 + 3κ+ 3)uyu
−κ−2
x + 8κ
3
+36κ2 + 57κ+ 30)))
The structure equations are not involutive. The involutive system of structure equations
includes equations for the differentials of the forms η1, ... , η7. These equations are too
big to write them in full here.
We find contact integrable extensions of the form
dω =
(
3∑
i=0
Ai θi +
∑
∗Bij θij +
7∑
s=1
Cs ηs +
3∑
j=1
Dj ξ
j + E α
)
∧ ω
+
3∑
j=1
(
3∑
k=0
Fjk θk + Gj α
)
∧ ξj, (6)
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where
∑
∗ denotes suumation over all i, j ∈ N such that 1 ≤ i ≤ j ≤ 3 and (i, j) 6= (3, 3).
We consider two types of such extensions. The first one consists of extensions whose
coefficients in right-hard side of (6) depend on the invariants U1, ... , U5. The coefficients
of extensions of the second type depend also on one additional function W with the
differential of the form
dW =
3∑
i=0
Hi θi +
∑
∗Iij θij +
7∑
s=1
Js ηs +
3∑
j=1
Kj ξ
j +
1∑
q=0
Lq ωq. (7)
We require Eqs. (4) and (6) or Eqs. (4), (6), and (7) to be compatible. This con-
dition gives two contact integrable extensions of the first type defined by the formulas
dω1 = ((κ+ 2)
2 (α1 − (κ+ 1) θ0)− θ1 − (κ+ 2) θ3) ∧ ξ
1 + α1 ∧ ξ
2
+((κ+ 2) (α1 − (κ+ 1) θ0)− θ3) ∧ ξ
3 + (α1 + θ2 + θ22 + ((κ+ 1)(κU1
−(κ+ 2)U3)− U4 − (κ+ 1)(κ+ 2)(κ
2 + 6κ+ 4))(κ+ 1)−2(κ+ 2)−2 θ0
+((κ+ 1)((κ+ 1)U2 + (κ+ 2)U3 − κ(κ
2 + 3κ+ 3)U1 − κ(κ + 1)(κ+ 2))
+U4) (κ+ 1)
−2 ξ1 + ((κ+ 1)(κ2 U1 + (κ + 2)U3)− κU4
− κ(κ + 2)(3κ+ 2)(κ+ 1)2)(κ+ 1)−2(κ+ 2)−1 ξ3) ∧ ω1 (8)
and
dω2 = ((κ+ 1)
2(κ + 1)2 θ1 − θ1 + (κ+ 1)(κ+ 2) θ3) ∧ ξ
1 + α2 ∧ ξ
2
+((κ+ 1)(κ+ 1) θ2 − θ3) ∧ ξ
3 + (α2 + θ2 + θ22 + ((κ+ 1) (κU1 − (κ+ 2)U3)
−U4 − (κ+ 1)(κ+ 2)(κ
2 + 6κ+ 4))(κ+ 1)−2(κ+ 2)−2 θ0
+(U2 − (κ+ 1)(κ+ 2)U1) ξ
1 + (κ(κ+ 1)U1 − U4
− (κ + 1)2(κ+ 2)(3κ+ 2))(κ+ 1)−1(κ+ 2)−2 ξ3) ∧ ω2 (9)
or one contact integrable extension of the second type
dω3 = ((W + κ+ 2)
2 α3 − (W + κ+ 2) (θ23 + (κ+ 1)(κ+ 2)θ0)− θ1) ∧ ξ
1 + α3 ∧ ξ
2
+((W + κ+ 2)α3 − (κ+ 1)(κ+ 2) θ0 − θ3) ∧ ξ
3 + (α3 + θ2 + θ22 + ((κ+ 1)(κU1
−(κ+ 2)U3)− U4 − (κ+ 1)(κ+ 2)(κ
2 + 6κ+ 4))(κ+ 1)−2(κ+ 2)−2 θ0
−(((κ+ 1)(κU1 − (κ+ 2)U3)− U4 − (κ+ 1)(κ+ 2)(κ
2 + 6κ+ 4))W 2
+(κ+ 2)((κ+ 1) ((κ− 1)U1 − 2 (κ+ 2) (U3 + (κ+ 1)(κ
2 + 5κ+ 3))− 2U4))W
+(κ+ 2)2((κ+ 1)(κ(κ2 + 3κ+ 3)U1 − (κ + 1)U2 − (κ + 2) (U − κ
2(κ+ 1)))
−U4)(κ+ 1)
−2(κ+ 2)−2 ξ1 − ((κ+ 1)(κU1 − (κ+ 2) (U3 + (κ+ 1)(κ
2 + 6κ+ 4)))
− U4)(κ+ 1)
−2(κ + 2)−2 ξ3) ∧ ω3 (10)
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dW = −(κ+ 1)W (α3 + θ0 + θ2) + Z ξ
2 + (W + κ+ 2)(Z + (κ+ 1)W ) ξ3
+(W + κ + 2)((W + κ+ 2)Z + (κ+ 1)W (W − (κ+ 2)−1 U1 + 3κ + 4)) ξ
1
+(Z − (κU1 − (κ + 2) (U3 + (κ+ 1)
2(κ+ 6))
− (κ + 1)−1U4)(κ + 2)
−1W )ω3 (11)
with a parameter Z.
The inverse third fundamental Lie theorem in Cartan’s form, [14, §26], [13, p. 394],
guarantees existence of forms ω1, ω2, ω3 satisfying Eqs. (8), (9), and (10). Since the
forms θ0, ... , θ23, ξ
1, ξ2, ξ3 are known explicitly, it is not hard to find the forms ωi. We
have the following solutions to Eqs. (8), (9), and (10), respectively:
ω1 =
uxx
uxqx
(
dq −
(
ut
ux
+ (κ+ 2)
(
uyu
κ
x +
κ+ 1
2κ+ 3
u2κ+2x
))
qx dt− qx dx
−
(
uy
ux
+ uκ+1x
)
qx dy
)
(12)
ω2 =
uxx
uxrx
(
dr −
(
ut
ux
− (κ+ 1)(κ+ 2)
(
uyu
κ
x −
1
2κ + 3
u2κ+2x
))
rx dt− rx dx
−
(
uy
ux
− (κ+ 1) uκ+1x
)
rx dy
)
(13)
and
ω3 =
uxx
uxsx
(
ds−
(
(κ+ 2)2
2κ+ 3
s2κ+3x − (κ+ 2)
(
uy
ux
+ uκ+1x
)
sκ+2x
+
(
ut
ux
+ (κ+ 2) uκxuy +
(κ+ 1)(κ+ 2)
2κ+ 3
u2κ+2x
)
sx
)
dt− sx dx
+
(
sκ+2x −
(
uy
ux
+ uκ+1x
)
sx
)
dy
)
(14)
with W = sκ+1x u
−κ−1
x .
The forms (12), (13), (14) are equal to zero if and only if the following overdeter-
mined systems of pdes are satisfied:

qt =
(
ut
ux
+ (κ+ 2)
(
uyu
κ
x +
κ+ 1
2κ + 3
u2κ+2x
))
qx
qy =
(
uy
ux
+ uκ+1x
)
qx
(15)


rt =
(
ut
ux
− (κ+ 1)(κ+ 2)
(
uyu
κ
x −
1
2κ+ 3
u2κ+2x
))
rx
ry =
(
uy
ux
− (κ+ 1) uκ+1x
)
rx
(16)
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
st =
(κ + 2)2
2κ+ 3
s2κ+3x − (κ + 2)
(
uy
ux
+ uκ+1x
)
sκ+2x
+
(
ut
ux
+ (κ+ 2) uκxuy +
(κ+ 1)(κ+ 2)
2κ+ 3
u2κ+2x
)
sx
sy = −s
κ+2
x +
(
uy
ux
+ uκ+1x
)
sx
(17)
These systems are compatible whenever u is a solution to Eq. (1), so these systems
define differential coverings over (1).
Expressing ut and uy from (15) and cross-differentiating yields
qyy = qtx +
(
(κ+ 1)
q2y
q2x
−
qt
qx
)
qxx − κ
qy
qx
qxy (18)
Previously Eq. (18) and the Ba¨cklund transformation (15) were found in [10] by means
of another method.
From Eqs. (16) we have

ut =
(
rt
rx
+ (κ + 1)(κ+ 2)
(
ry
rx
uκ+1x +
(κ+ 2)(2κ+ 1)
2κ+ 3
u2κ+2x
))
ux
uy =
(
ry
rx
+ (κ+ 1) uκ+1x
)
ux
(19)
The compatibility condition for this system is
(ut)y − (uy)t = −(κ + 1)(κ+ 2) u
κ+2
x r
−2
x
(
Grx − κ (κ+ 2) u
κ+1
x (ry rxx − rx rxy)
)
=
= 0 (20)
where
G = ryy − rtx −
(
(κ+ 1)
r2y
r2x
−
rt
rx
)
rxx + κ
ry
rx
rxy
When κ = 0, system (19) is compatible whenever G = 0, that is, whenever r is a solution
to Eq. (18). When κ 6= 0, Eq. (20) entails uκ+1x = H with
H = −κ−1(κ + 2)−2Grx (ry rxx − rx rxy)
−1
Substituting this into (19) gives a system of pdes with the compatibility condition
κ (2κ+ 3) r2xHt − κ (κ+ 2) rx (2(κ+ 2)(2κ+ 1) rxH + (2κ+ 3) ry) Hy
+κ
(
(κ+ 1)(κ+ 2)2(2κ+ 1) r2xH
2 + 2(κ+ 2)(2κ+ 1) rxryH
−(2κ+ 3)(rtrx − (κ+ 2) r
2
y)
)
Hx − (κ+ 1)
(
(2κ2 + 5κ+ 1) rxG
+κ(2κ+ 3)(rxrtx − rtrxx)) H − (2κ+ 3) ry G = 0 (21)
Thus Eqs. (16) define a Ba¨cklund transformation from Eq. (1) to the third order
equation (21) for r.
Finally, excluding u from (17) shows that s is a solution to the same equation (1).
So, (17) defines an auto-Ba¨cklund transformation for Eq. (1). This transformation was
found in [11]
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